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1 Introduction 



Low-energy pion and pion-nucleon physics is described in QCD via chiral perturbation theory 
(CHPT) [||, |2|. This is an effective field theory designed to solve the Ward identities of the chiral 
symmetry of QCD order by order. CHPT is based on an effective Lagrangian constructed in a 
systematic way in terms of the asymptotically observed hadronic fields and consistent with all 
symmetries of QCD. The effective Lagrangian is organized in the form of a chiral expansion, i.e. 
an expansion in powers of momenta and light quark masses [^. At every order, the effective 
Lagrangian contains free parameters, the so-called low-energy constants (LECs). Various quantities 
calculated from the effective Lagrangian are related by the same set of LECs entering the results. 
In addition, there are some rare cases where, to a certain given order in the chiral expansion, 
predictions are free of LECs. At lowest order, CHPT just reproduces the well-known results of 
current algebra. However, within CHPT a systematic improvement of current algebra predictions 
is possible. Furthermore, to restore unitarity perturbatively, one has to calculate (pion) loop 
corrections because the tree diagrams contributing at lowest order are always real. Every loop 
increases the chiral order by two, therefore the lowest order results are the tree level ones. The 
relation between current algebra and the lowest order tree level effective Lagrangian has already 
been established in the sixties. Loops enter at higher orders, together with tree contributions 
with insertions from the higher order Lagrangians. In the meson sector, the chiral expansion thus 
proceeds in steps of two, if one assumes the standard scenario of chiral symmetry breaking with a 
large quark-antiquark condensate. 

In the one-nucleon sector of CHPT the situation is different. Here, due to the fermionic nature 
of the matter fields, couplings with odd powers in momenta are allowed and the lowest order tree 
graphs stem from a dimension one chiral Lagrangian. Loops start to enter at third order (in a 
scheme that respects the power counting, see below). However, for various reasons (convergence, 
completeness, and so on) calculations are now performed at the complete one-loop level, i.e. at 
fourth chiral order (for a review and status report, see refs.|^ ^]). The full effective Lagrangian 
is, however, only known up to third order [|2|, |^, 0, ||, The most general fourth order vrN chiral 
Lagrangian is still the missing ingredient in a complete one-loop analysis within pion-nucleon 
CHPT. It is the purpose of this paper to provide this missing component. We refrain here from 
discussing the three-flavor case, which certainly deserves more study in the future. 

Most CHPT calculations for the vrN system (coupled to external fields) have been performed in the 
framework of Heavy Baryon CHPT (HBCHPT), a specific non-relativistic projection of the theory. 
This scheme was developed in ref. motivated by the methods used in heavy quark effective 
field theory and the observation that a relativistic formulation with baryons leads to complications 
in the power counting when standard dimensional regularization is employed In HBCHPT 
the troublesome mass scale, the nucleon mass m, appearing in the fermion propagator, is simply 
transformed in a string of vertex corrections with fixed coefficients and increasing powers in 1/m. 



However, as was pointed out recently in ref.|ll] and ref.|12|, a scheme consistent with the power 
counting, using the relativistic version of the vrN Lagrangian, can also be set up if one performs 
a different method of regularization. Therefore not only the heavy baryon (HB) projection of the 
Lagrangian is of interest, but also its fully relativistic version. Note also that if one wants to match 
the HB approach to the relativistic theory, this is most easily and naturally done starting from the 
relativistic approach (for a detailed discussion, see e.g. ref.Q). 

The divergent part of the fourth order HBCHPT ttN Lagrangian is already known Also, the 
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complete but not minimal fourth order Lagrangian with virtual photons has been worked out in 
ref.[^]. In addition, recently an attempt to work out the complete fourth-order isospin-symmetric 
Lagrangian in the absence of external fields has been presented in ref.[|l5|.^ However, the complete 
fourth order heavy baryon as well as relativistic vrN Lagrangian (including external fields and in 
particular strong isospin breaking) is constructed here for the first time. The number of LECs in 
the resulting Lagrangian turns out to be larger than 100. This is similar to the case of the two- 



loop 0{p ) meson Lagrangian, see refs.|T^, 17]. In case of such a large number of free parameters 
in the theory, one might question the predictive power of the whole approach. However, most 
physical processes are only sensitive to a small number of LECs. As an example, we mention 
elastic-pion nucleon scattering. At second, third and fourth order, one has four, four and five 
independent (combinations of) LECs, respectively, and these can be easily determined by a fit to 
the vast amount of low-energy pion-nucleon scattering data (this argument is spelled out in more 
detail in ref . [p!8| ) . In photo-nucleon processes, one usually has even fewer LECs, e.g. the HBCHPT 
expression of the electric dipole amplitude £'0+ for neutral pion scattering off nucleons involves 
only two combinations of LECs up-to-and-including fourth order. 

The paper is organized as follows. In Sect. 2, the construction of the Lagrangian is described step 
by step (choice of fields, construction of invariant monomials, elimination of linearly dependent 
terms, heavy baryon projection). The result is presented and discussed in Sect. 3. Appendix A 
contains a more detailed discussion of the elimination of the so-called equation-of-motion terms 
in the relativistic Lagrangian. Appendix B contains some relevant formulae for the heavy baryon 
projection. 



2 Construction of the Lagrangian 
2.1 Choice of fields 

Let us briefly collect the basic ingredients for the construction of the effective ttN Lagrangian. 
The underlying Lagrangian is that of QCD with massless u and d quarks, coupled to external 
hermitian 2x2 matrix-valued fields v^, a^, s and p (vector, axial-vector, scalar and pseudoscalar, 
respectively) [Q] 

^ = ^QCB + Qi^ (Vfi + i^a^i) q-q{s- ii5p)q , q = • (2.1) 

With suitably transforming external fields, this Lagrangian is locally SU{2)l x SU{2)^ x U{1)v 
invariant. The chiral SU{2)l x SU{2)jj symmetry of QCD is spontaneously broken down to its 
vectorial subgroup, SU{2)v- To simplify life further, we disregard the isoscalar axial currents as 
well as the winding number density.^ Explicit chiral symmetry breaking, i.e. the nonvanishing u 
and d current quark mass, is taken into account by setting s = Ai = diag(m„, m(i). 

On the level of the effective field theory, the spontaneously broken chiral symmetry is non-linearly 
realized in terms of the pion and the nucleon fields ||2^. The pion fields being coordinates of 

**We will comment in more detail on that paper below. 

*^Note that isoscalar axial currents only play a role in the discussion of the so-called spin content of the nucleon. 
That topic can only be addressed properly in a three flavor scheme. For a lucid discussion of the 9 term, we refer to 
ref.@. 
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the chiral coset space, are naturally represented by elements u{^) of this coset space. The most 
convenient choice of fields for the construction of the effective Lagrangian is given by 



X± = u^XU^ ± UX^U , 

F^u = u^fI^,u±uF;:,u^ , (2.2) 



where 



X = 2B{s + ip) , 

= dn'' - d'-e - , if. = v^-a^, (2.3) 

and B is the parameter of the meson Lagrangian of 0{p'^) related to the strength of the quark- 
antiquark condensate We work here in the standard framework, B ^ F-,^, with F^^ the pion 
decay constant. For a discussion of the generalized scenario in the presence of matter fields, see 



e.g. ref.|21|. The reason why the fields in eq.( |2.2| ) are so convenient is that they all transform in 
the same way under chiral transformations, namely as 

X^h{g,^)Xh-\g,^) , (2.4) 

where g is an element of SU{2)i x SU{2)ji and the so-called compensator h{g,^) defines a non- 
linear realization of the chiral symmetry. The compensator h{g, $) depends on g and <I> in a 
complicated way, but since the nucleon field ^ transforms as 

^ h{g, , ^ ^h'^ig, $) (2.5) 

one can easily construct invariants of the form without explicit knowledge of the compensator. 
Moreover, for the covariant derivative defined by 

D^ = df, + T^, T^ = ^{u^{df,-ir^)u + u{d^-ief,)u^ , (2.6) 



it follows that also [D^,X] , [D^, [Diy,X]] , etc. transform according to eq. (|2.4[) and D^^, D^Di,'^, 
etc. according to eq. (|2.5D . This allows for a simple construction of invariants containing these 
derivatives. The definition of the covariant derivative eq.( |2.6D implies two important relations. The 
first one is the so-called curvature relation 

[Z)^,I),] = i[n^,n,]-^F+ , (2.7) 

which allows one to consider products of covariant derivatives only in the completely symmetrized 
form (and ignore all the other possibilities). The second one is (be aware that some authors like 
e.g. in refs.|17, 21|, use a different convention which leads to a minus sign in the definition of 
as compared to the one used here) 

[D^,u,]-[D,,u^]=F-, , (2.8) 

which in a similar way allows one to consider covariant derivatives of only in the explicitly 
symmetrized form in terms of the tensor /i^j^, 

h^^ = [D^,u^] + [D^,u^] . (2.9) 
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For the construction of terms, as well as for further phenomenological applications, it is advanta- 
geous to treat isosinglet and isotriplet components of the external fields separately. We therefore 
define 

X = X-i(X), (2.10) 

where (...) stands for the flavor trace, and we work with the following set of fields: u^, x±) (x±)) 
F±, (-F+) (the trace (-F-) is zero because we have omitted the isoscalar axial current.) 

To construct a hermitian effective Lagrangian, which is not only chiral, but also parity (P) and 
charge conjugation (C) invariant, one needs to know the transformation properties of the fields 
under space inversion, charge conjugation and hermitian conjugation. For the fields under con- 
sideration (and their covariant derivatives), hermitian conjugation is equal to ibitself and charge 
conjugation amounts to ibtransposed, where the signs are given (together with the parity) in Ta- 
ble |l[ This table also contains the chiral dimensions of the fields. This is necessary for a systematic 
construction of the chiral effective Lagrangian, order by order. Covariant derivatives acting on pion 
or external fields count as quantities of first chiral order. 







X+ 


X- 




^ fJ,U 




chiral dimension 


1 


2 


2 


2 


2 


1 


parity 




+ 




+ 




+ 


charge conjugation 


+ 


+ 


+ 




+ 


+ 


hermitian conjugation 


+ 


+ 




+ 


+ 


+ 



Table 1: Chiral dimension and transformation properties of the basic fields and the covariant 
derivative acting on the pion and the external fields. 

In what follows, an analogous information for Clifford algebra elements, the metric Qf^u and the 
totally antisymmetric (Levi-Civita) tensor £\^up (for d = 4) together with the covariant derivative 
acting on the nucleon fields will be needed (for a more detailed discussion, see ref. [^). In this case, 
hermitian conjugate equals ±7" (itself) 7*^ and charge conjugation amounts to ibtransposed, where 
the signs are given (together with parity and chiral dimension) in Table ^. The covariant derivative 
acting on nucleon fields counts as a quantity of zeroth chiral order, since the time component of 
the derivative gives the nucleon energy, which cannot be considered a small quantity. However, 
the combination (i p —m) ^ is of first chiral order. The minus sign for the charge and hermitian 
conjugation of D^J^ as well as the chiral dimension of 75 in Table ^ is formal and requires some 
comment, which will be given below. 





75 


7/. 


7m75 




9nu 






chiral dimension 


1 




















parity 




+ 




+ 


+ 




+ 


charge conjugation 


+ 




+ 




+ 


+ 




hermitian conjugation 




+ 


+ 


+ 


+ 


+ 





Table 2: Transformation properties and chiral dimension of the elements of the Clifford algebra 
together with the metric and Levi-Civita tensors as well as the covariant derivative acting on the 
nucleon field. 
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2.2 Invariant monomials 



We are now in the position to combine these building blocks to form invariant monomials.^ Any 
invariant monomial in the effective ttN Lagrangian is of the generic form 

^A^"' -e^u...'^ + i^-c. . (2.11) 

Here, the quantity A^'^''' is a product of pion and/or external fields and their covariant derivatives. 
@fj,i,,„, on the other hand, is a product of a Clifford algebra element F^j^ and a totally symmetrized 
product of n covariant derivatives acting on nucleon fields, D^^ ^ = {Da, {D/^, {. . . ,D^}}}, 

Q^iv...al3... = ^t^u...D2.i3,,, ■ (2-12) 

The Clifford algebra elements are understood to be expanded in the standard basis (1, 75, 7^, 7^75, 
a^u) and all the metric and Levi-Civita tensors are included in r^iy.... Note that Levi-Civita tensors 
may have some upper indices, which are, however, contracted with other indices within Q^^...- The 
structure given in eq.( |2.11| ) is not the most general Lorentz invariant structure, it already obeys 
some of the restrictions dictated by chiral symmetry. The curvature relation eq.( |2.7D manifests 
itself in the fact that we only consider symmetrized products of covariant derivatives acting on ^. 
Another feature of eq.( |2.11 ) is that, except for the e-tensors, no two indices of Q^u... are contracted 



with each other. The reason for this lies in the fact that at a given chiral order, p ^ can always be 
replaced by —im^, since their difference (P +im) ^ is of higher order. One can therefore ignore 
D^^* contracted with 7^, 7^7^ and also with a"^^ = ij^jf^ — ig'^^ . The last relation explains also 
why g^^{D\,Dfj^'^ can be ignored. Other important restrictions on the structure of Q/mu... are 
discussed in appendix 

To get the complete list of terms contributing to A'^'^''', one writes down all possible products of 
the pionic and external fields and covariant derivatives thereof. Every index of A^'^'" increases 
the chiral order by one, therefore the overall number of indices of A^"^''' (as well as lower indices 
of Q^u...) is constrained by the chiral order under consideration. Since the matrix fields do not 
commute, one has to take all the possible orderings. To get with simple transformation 

properties under charge and hermitian conjugation, all the products are rewritten in terms of 
commutators and anticommutators. In the SU(2) case, this is equivalent to decomposing each 
product of any two terms into isoscalar and isovector parts, since the only nontrivial product is 
that of two traceless matrices, and the isoscalar (isovector) part of this product is given by an 
anticommutator (commutator) of the matrices. After such a rearrangement of products has been 
performed, the following relations hold: 

= (-ifAj^ ^ j^c ^ (_i)c^yir ^ ^2.13) 

where (—1)'*-^ and (—1)'^-^ are determined by the signs from Table (as products of factors ±1 for 
every field and covariant derivative, and an extra factor —1 for every commutator). For the Clifford 
algebra elements one has similar relations, 

rt = (-i)^r^or7° , r = (-i)'^^^^ , (2.14) 

where /ir and cr are determined by the signs from Table |2|. 
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Systematic methods to construct these invariant monomials can also be found in refs.[^, 



6 



The monomial eg. ( p. 11 ) can now be written as 

After elimination of total derivatives (D" — > (— 1)"D") and subsequent use of the Leibniz rule, one 
obtains (modulo higher order terms with derivatives acting on A^'^'") 

^^/.;....a/3...p^^ ^n^ ^ + ^_l)hA+hr+nq,^t.u...al3...j.^^ jjn^ J, ^ (2.I6) 



We see that to a given chiral order, the second term in eq. (|2.15 ) either doubles or cancels the first 



one. If the later is true, i.e. if Ha + hr + n is odd, this term only contributes at higher orders and 
can thus be ignored. Consider now charge conjugation acting on the remaining terms of the type 



given in eq.( 2.16| ) (again modulo higher order terms, with derivatives acting on A^'^'") 

By the same reasoning as before, the terms with odd ca + cr + n are to be discarded. The formal 
minus sign for the charge and hermitian conjugation of D^^' in Table |2| takes care of this in a 
simple way. With this convention, for any Qf_iu..., the two numbers and ce are determined by 
the entries in Table ^ (/le = hr + n, cq = cr + n) and invariant monomials eq.(2.11) of a given 
chiral order are obtained if and only if 

{-ifA+he = I ^ (_i)c.4+c© ^ ^ _ (2.18) 
2.3 Elimination of terms 

The list of invariant monomials generated by the complete lists of A^'^'" and Q^v... together with the 
condition ( 2.181) is still overcomplete. It contains linearly dependent terms, which can be reduced 



to a minimal set by use of various identities. In this paragraph, we will discuss the different types 
of such identities which allow to eliminate the linearly dependent terms. 

First of all, there are general identities, like the cyclic property of the trace, implying 

(a[6,c]) = (c[a,6]) , (2.19) 

or Schouten's identity 

e^M^P^r ^ gMt'pr^A ^ ^^prX^i^ ^ e^'^^'^a^ + E^^^'^a'' = . (2.20) 

Another general identity, frequently used in the construction of chiral Lagrangians, is provided by 
the Cay ley-Hamilton theorem. For 2x2 matrices a and 6, this theorem just implies 

{a, h} = a (6) + (a) 6 + {ab) - (a) (6) . (2.21) 

This was already accounted for by the separate treatment of the traces and the traceless matrices. 
However, there are other nontrivial identities among products of traceless matrices. Let us explicitly 
mention one such identity, which turns out to reduce the number of independent terms containing 
four u fields. It reads 

{a, 5 }[a, c] — {a, c}[a, 6] = {a, a c] — a{a, [b,c] } , (2.22) 
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where a,b,c are traceless 2x2 matrices. 

Another set of identities is provided by the curvature relation eq.( |2.7|) . In connection with the 
Bianchi identity for covariant derivatives, 

[Dx,[D,.,D,]]+cyclic = , (2.23) 

where "cychc" stands for cychc permutations, it entails 

[Dx, F+] + cyclic = [ux, F",] + cyclic , (2.24) 

where we have used the Leibniz rule and eq.(^]^) on the right-hand-side. On the other hand, when 
combined with eq.(p.§|), the curvature relation gives 

[Dx,F-,] + cyclic = ^ [ux, F+] + cyclic , (2.25) 

where we have used the Jacobi identity [[ua, u^], Ui/] + cyclic = on the right-hand-side. These 
relations can be used for the elimination of (some) terms which contain [Dx, Fjtu] ■ 

Yet another set of identities is based on the equations of motion (EOM) deduced from the lowest 
order tttt 

[D^,u'^]='-X- , (2.26) 



and ttN Lagrangians (its explicit form is given in paragraph 3.1) 

i^-m + ^5A^7^)'I' = 0, (2.27) 

^ (^i^+m-^5A^7^) = 0. (2.28) 

Strictly speaking, in these equations m and gA refer to the nucleon mass and the axial-vector 
coupling constant in the SU(2) chiral limit (m„ = rud = 0, fixed). We will not further specify 
this but it should be kept in mind. One can directly use these EOM or (equivalently) perform 
specific field redefinitions — both techniques yield the same result. The pion EOM is used to get 
rid of all the terms containing /i'^, as well as [-D^,/i^jy], which can be eliminated using eq. (|2.26| ) 
together with eqs.(2.7-2^). The nucleon EOM, the main effect of which is a remarkable restriction 
of the structure of Q^u..., is discussed in full generality in appendix^ Here, we prefer to follow 
the procedure adopted in ref.[^ and give only the specific relations based on partial integrations 
and the nucleon EOM used in the reduction from the overcomplete to the minimal set of terms. 
Some of these relations have already appeared in Q, but for completeness we prefer to show them 
all. They read: 

tyl^iL>/,^' + h.c. = 2m^'7^yl^^', (2.29) 
^ A^"" D^Df,"^ + h.c. = -?n (^^yl^'^iD^^' + h.c.) , (2.30) 

^A^^^i DxD^D^,'^' + li.c. = m(^^-f^A^"'^DxD^'^ + h.c.^ , (2.31) 

^j^jxA^^i -D/x* + h.c. = 2i m^-^^a^xA^^"^ 

+ (^J57^^A''\Dx^ + h.c) , (2.32) 
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^j^jxA'^^'^DaD^^ + h.c. 



^a^sA'^^^^'D^D.^ + h.c. 



l^75(TapA"''''^D,D^^ + h.C. 

^-/5-/u[D^',A'']iD^^ + h.c. 



+ 



+ 



+ 



+ 



+ 



+ 



^ea/3^A7^[^",^"^'']^^.^ + h.c. = 



%57A.^''^"^a^A^ + h.c.) , (2.33) 
m ^J5^^,xA^'^''^DpD^<^' + h.c.) 

'I'757^^''^"^*^/3^a^A^ + h.C.) , (2.34) 

-2m*e,^^,757"^"^^^ - [^a^^A'^f^'i D^^ + h.c.) 
^ao^^A'^^f'iDp^ + h.c}j , (2.35) 

m (i ^eap^,xl5l^A'"'''f'D,^ + h.c 



(2.36) 

(2.37) 

(2.38) 
(2.39) 

(2.40) 

(2.41) 
(2.42) 
(2.43) 
(2.44) 



^a^f^A^^^'^^D^D^^ + h.c 
^aa^A'^^'^D.D^^ + h.c.) , 

- (^75a;3^A"^^L'„^' + h.c. 
^75(7a^.A''^''Dp^ + h.c. 

^75CTpf.A"''''^'D,D^^ + h.c 

^-f5<7af.A^''''^D,DfS^ + h.c. 

-2m%5^^' - y'l'7''[A,U/,]^' 







, 
. 



Here, the symbol = means equal up to terms of higher order. 
2.4 Heavy baryon projection 

The heavy baryon (HB) projection of the relativistic theory is well documented in the literature, 
see e.g. refs.]!^, |^, ^. Here, we only collect some basic definitions and formulae which are needed in 
the following. For a more detailed exposition, we refer to the review Q. The procedure we adopt 
follows closely the one in ref.Q, therefore we only give some steps for completeness. Basically, 
one considers the mass of the nucleon large compared to the typical external momenta transferred 
by pions or external probes and writes the nucleon four-momentum as = mu^ + = m^, 

subject to the condition that v ■ i <^ m. Here, Vfj, is the nucleon four-velocity (in the rest-frame, 
we have = (1,0)). Note again that strictly speaking, the nucleon mass appearing here should 
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be taken at its value in the chiral limit. Consequently, one can decompose the wavefunction ^(x) 
into velocity eigenstates 

^{x) = exp[-imv ■ x] [Ny{x) + K{x)] (2-45) 

with 

1/ N^ = Ny , ^ K = -K , (2.46) 
or in terms of velocity projection operators 

P+N, = N,, p-h, = K, P± = i(l±^), P+ + P- = 1. (2.47) 

One now eliminates the small component hy{x) either by using the equations of motion or path- 
integral methods. The Dirac equation for the velocity-dependent nucleon field takes the form 
iv ■ dNy = to lowest order in 1/m. Apart from the four-velocity, the covariant spin-operator S"^ 
is of crucial importance in the HB projection. Its definition and basic properties are: 

i 1 
SfjL = -^75crfiuv'' , S -v = 0, {S^, Su} = - (Vf^Vu - Qfj^u) , [S^, Sy] = ie^^apv'^S'^ , (2.48) 

in the convention gO^^^ — After this projection, the Lagrangian does not contain the nucleon 
mass term any more and also, all Dirac matrices can be expressed as combinations of and 
S^. Therefore, one can translate all terms of the relativistic Lagrangian into their heavy fermion 
counterpieces. In addition, there are 1/m corrections to the various operators. These can be worked 
out along the lines spelled out in appendix A of ref.Q. The vrN Lagrangian to fourth order for the 
"light" components then becomes: 

+ + joB^'^hoC-'^'^B^'^ + 7o^('^WoC"^(^)s(i) + joB^'^^oC-'^'^B^^^ 
+7o^?(')WoC-i(°)s(2) +7oS(')^7oC-i(°)e(i) +7o^(')WoC-i(°)s(3)|iV. , 

(2.49) 

in the standard notation. Explicit expressions for the operators A^^\ B'^^\ and C~^^*^ are collected 
in appendix 



2.5 Checks 

To arrive at the final form of the Lagrangian, which contains more than 100 independent terms, 
one has to perform rather lengthy algebraic manipulations. Due to the large number of terms, 
these calculations are prone to errors. To eliminate the possibility of making simple algebraic 
errors, we went through the whole calculation in two independent ways. We really calculated 
everything by hand, but simultaneously we have written codes in Mathematica for the construction 
of the relativistic Lagrangian as well as for the extraction of its HB projection. The Mathematica 
programs were not used just to check the hand-made algebraic manipulations step by step, we have 
rather used different approaches in the codes wherever possible. The final coherence of the results 
obtained in these two different ways is a very nontrivial cross-check. 
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3 The Lagrangian 

The resulting effective Lagrangian is given by a string of terms with increasing chiral dimension, 

J-nN - L.^N + + + + • • • ) l-i-J^; 

where the ehipsis denotes terms of chiral dimension five (or higher). We will first briefly summarize 
the first three terms in this expansion and then display the novel complete and minimal fourth 
order Lagrangian. We always give the Lagrangian in the relativistic as well as in the heavy baryon 
formulation. 



3.1 Dimension one, two and three 

At lowest order, the effective vrN Lagrangian is given in terms of two parameters, the nucleon mass 
and the axial-vector coupling constant (in the chiral limit). In its relativistic form, it reads 

^nl = ^(iP-m + ^y(j,^^ . (3.2) 

In the HB formulation, the mass term is absent and all Clifford algebra elements can be expressed 
in terms of the nucleon four-velocity and the spin-vector, 

= N,{ivD + qaS ■u)N,. (3.3) 



At second order, seven independent terms with LECs appear, so that the relativistic Lagrangian 
reads (the explicit form of the various operators of'^ is given in Table S) 



4'i = E^^^O?^^- (3.4) 

1=1 



The LECs Cj are, of course, finite. The HB projection is straightforward. We work here with the 
standard form (see e.g. refs.|^ ^) and do not transform away the {v ■ D)"^ term from the kinetic 
energy (as it was done e.g. in ref.[§), 

, 7 
S = i^N, [{v ■ Df -D^- iQA {S-D,v u}) + ^ CiiV.of A^, . (3.5) 

Again, the monomials 0\ are listed in Table ^together with the 1/m corrections, which some of 
these operators receive (this splitting is done mostly to have an easier handle on estimating LECs 
via resonance saturation |22|). 

At third order, one has 23 independent terms. We follow the notation of ref.[^ (see also |^), 

23 

6;i = Y,d^^0fH . (3.6) 

i=l 

The LECs di decompose into a renormalized scale-dependent and an infinite (also scale-dependent) 
part in the standard manner, di = d\{X)+Ki/ F'^L{\), with A the scale of dimensional regularization. 
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i 


op 




2m (cj - Cj) 


1 




(x+) 





2 






-hi 


3 
4 
5 
6 
7 


i • n) 

8k(^.^>^'^'^ 


i (u • n) 

X+ 




1 

2 



2m 




Table 3: Independent dimension two operators for the relativistic and the HB Lagrangian. The 
1/m corrections to these operators in the HB formulation are also displayed. 



-L(A) as defined in ref.yj, and the /3-functions Ki, first worked out by Ecker |23]. The HB projection 
including the 1/m corrections reads 



23 



= Yl diN.df^ N, + 0£)^j N, + , (3.7) 

i=l 

with the corresponding operators and 1/m corrections collected in Table § and Ogxed given by 
1^ [D^, [D,, S-n]] - ^ e^'^-^v^S,{F-v.u) - ^ ^ {vDf 



O 



(3) 
fixed 



+ 



+ 



vD S-UVD + (iD^vD + h.c.) 



4m^ 8m^ 
9A 



4^2 i{S-D,v.u}v.D + h.c.) + ^ {^{{v■uf) vD + h.c.) 
+ ^ n.] vD + h.c.) - (i 6'^'^"^„5^F+ + h.c.) 



9A 
8m^ 

1 + 2C6 

Sm^ 



(5-nZ)2 + h.c.) - -p^ (5-Dn-Z) + h. c 



4m ^ 



Vo^SpF+^v'^D, + h.c. 



1 + 2C6 + 4C7 



16m^ 



1 + + 8m C4 
16m2 



:^'^"V5/3[u;„i;-n]Z), + h.. 



32m2 
1 + 8m C4 



9l 
16m^ 



(iv-uu-D + h.c. 



C2 



32m2 t^'"' ^'^l] + 2^ (i(^-n^^)I)^ + h.c.) 



(3.8) 



In addition, there are eight terms just needed for the renormalization (we give these here for 
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completeness). Their explicit form is: 

= d24{X)i{v-Df + d25iX)v-D S-uvD + d26i\)ii{u-u)vD + h.c.) 

+ d27{\) [i {{v-uf) vD + h.c.) + d2s{\) {i (x+) V-D + h.c.) 

+ J29(A) {S^'iv-D, u^] vD + h.c.) + J3o(A) [e>''"'''v^Sp[u^, u,] vD + h.c.) 

+ J3i(A) (e'^""V5^F+ + h.c.) . (3.9) 
The LECs di have no finite piece 



I 




^(3) 


4m [di — Ci ) 


i 




i[u^, [v ■ DjUf^]] 


n 
U 


o 
z 


1 [<!. r DA* 11 _L Vi ^ 
-2^y^t^A^^Uy\\U +h.c. 


n^At> > ^ ■ ^JJ 


— g ( i + omc4 j 


Q 
O 


[L*;., npJJiJ'" + h.c. 


i[v ■ u,\v ■ D, V ■ u]] 




A 

4 


1 ^LLvad / ^, n. \ Fi 1 U ^ 




1 ^ 





1 'I r A ' 11 1 7~) 1 V\ 
2^HX-,?vJ^ + n.c. 


[x~,v ■ u] 


n 
u 





2;?in^ )^/^i/J^ +n.c. 






1 


1 • r T-)U / 77+ \1 7-)!^ 1 U ^ 


ri.i^ r T^U 1 Z7+ \1 


-g(l + 2C6 + 4C7) 


Q 
O 


1 iVAil'O/S/ 771+ „, \n^l Inr, 




1 OA 


9 




5 • u{u^) 


T69A 


10 







11 









12 


-^7^'-/5{uxu^)u^D^'' + h.c. 


S-u{{vuf) 


-^5^(1 + 477104) - 


13 


-sk^7^75{Uf.Uu)uxD^'' + h.c. 


{S ■ u V ■ u)v ■ u 


igA (1 + 4mc4) + 


14 


^ia''''{[Dx,Uf,]u,)D^ + h.c. 


-i[S^,S'']{[vD,u^]u,) 





15 


^ia>''^{u^[D,,ux])D^ + li.c. 


-^[S^',S^]{u^[D,,v■u]) 




16 




S ■ u{x+) 





17 




{S ■ UX+) 





18 




i[S-D,x-] 





19 




i[S-D,{x-)] 





20 




iS^'v''[F+,,vu] 


igA (1 + ce) 


21 









22 


h^l,[D'',F-,] 


S^D^F-,] 





23 










Table 4: Independent dimension three operators for the relativistic and the HB Lagrangian. The 
1/m corrections to these operators in the HB formulation are also displayed. Note that we have 
corrected for two typographical errors which appeared in in the 1/m corrections to the operators 
of ^ and O^J. 
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3.2 Dimension four 



This paragraph constitutes the main result of our work. We have found that there are 118 in 



The last four {i 



dependent dimension four operators, which are in principle measurable. 
115, .. . , 118), however, are special in the sense that they are pure contact interactions of the nu- 
cleons with the external sources that have no pion matrix elements. For example, the operators 
115 and 116 contribute to the scalar nucleon form factor but not to pion-nucleon scattering. The 
relativistic dimension four Lagrangian takes the form 



(4) 
■kN 



118 

E 

i=l 



(3.10) 



and the monomials 0> are tabulated in Table ^. Also given in that table are the processes and 
observables with the least number of particles (including nucleons, pions, photons and W bosons) 
to which each operator can contribute. As pointed out in the introduction, many of the operators 
contribute only to very exotic processes, like three or four pion production induced by photons 
or pions. Moreover, for a given process, it often happens that some of these operators appear in 
certain linear combinations. Note also that operators with a separate simply amount to a 

quark mass renormalization of the corresponding dimension two operator. The HB projection leads 
to a much more complicated Lagrangian, 



'118 



23 



67 



E ^^Of + E + Y: (f^XtD, + h.c. 

\t=l i=l i=l 

23 4 

+ E {eTD.YrD, + h.c.) + E (eTZ^^'''DxD^D, + h.c, 



+ 



i=l 
1 



i=l 



(3.11) 



where the first sum contains the 118 low-energy constants in the basis of the heavy nucleon fields. 
Various additional terms appear: First, there are the leading \/m corrections to (most of) the 118 
dimension four operators. These contribute to the difference in the LECs Cj and e^; the ei are 
tabulated in Table ^. Furthermore we have additional terms with fixed coefficients. They can be 
most compactly represented by counting the number of covariant derivatives acting on the nucleon 
fields. The corresponding (tensor) structures VFj, X, 
^ |lO| together with the pertinent coefficients e^, . . . , e 
which are listed in the last line of eq.( p.ll| ). 



YP''^ ^ and are collected in Tables ^, |8|, 

There are two other fixed coefficient terms 



i 


of> 






1 


{u ■ u) {u ■ u) 




{u ■ u) {u ■ u) 


ttN - 


-> ttttttN 


2 








irN - 


-> TnriTN 



Table 5: 



*^We note that the mastertable in ref. jl3| contains more terms, 199 to be precise. In that work, however, no 
attempt was made to find the minimal basis. This is similar to what was done for the dimension three Lagrangian, 
compare e.g. refs.p^ and j^. 
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o 



3 
4 
5 
6 
7 



10 
11 
12 
13 

14 
15 
16 
17 
18 

19 
20 
21 
22 

23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 

34 
35 



1 

ArrP 



Am' 



{u ■ u) {u^Uy) D^"' + h.c. 
{uxUf,} (u^uy) Di"' + h.c. 



48^ (^AU^) {UuUp) D^I'^P + h.c. 

f {u-u) a^^ 

-8^ K, n^] k^vUp) a^^D-P + h.c. 

([«A, «m] uyt'D-P + h.c. 



4m^ 



(/lA^n,)np£'''^^£»^^+h.C. 

33^(/iA^ [n\n,]>757"^'' + h.c. 



-4^</iAM/i\>^'^'^ + h.C. 

1 {hxpKp)D^^''^P + h.c. 



1 

'8m' 



(X+) {u ■ u) 

-^(X+) W«.)Z)''^ + h.c. 



k (X+) [^^M,^ii.J 
[D^,[D^(X+)]] 



-4^XH-(^,.«.)i^'^" + h.c. 

-^up (x+n.)I)'^^ + h.c. 

ikK+.VlTsT^^'^ + h.c. 

33^[[Z)^,X+],M757'^^'^+h.c. 

[^/.,[i^^X+]] 



iup [I)^(x-)] 

-J^(X-K,«.])757^-D'^ + h.c. 



((^■«)2)<(^.„)2) 

[SP,Sn [u^,u,] {u-u) 

[SP,S'']{[up,u,]ux)u^ 
[SP,S'']{[u^,u,]vu)vu 



e'^'^^rv'^v^ {hxpUy) Up 
iSP{hx^ [u\vu]) 
ivf^ikx,, [u\S-u]) 
iv^v^^ {hxp, [v ■ u, S ■ u]) 



{hxt^h^u) 



v\>'v^vP {hx^Kp) 

[SP,S-] [hx^,,h\] 

(X+) {u ■ u) 

{x+){{vuf) 

{x+)K,u,] 

[D„[D^,{X+)]] 

X+ {u ■ u) 
X+ {(v ■ uf) 
Up. ix+uf") 

V ■ u {x+v • u) 

(x+ [up,u,]) 

iSi'v^ [X+,V] 
[^/.,[^^X+]] 
(X-) [S -u^v-u] 
iup [DP, (x-)] 

(X- [S-u,vu\) 
iypy" (x- V) 



ttN 
ttN 
ttN 

ttN 
ttN 
ttN 

TTiV 

ttN 

ttN 
ttN 
ttN 

ttN 
ttN 

ttN 
ttN 
ttN 

ttN 
ttN 

ttN 
ttN 

ttN 

ttN ■ 

ttN 

ttN 

ttN 

ttN 

ttAT 

ttN 



ttttttN 

ttttttN 
ttttttN 

TTTTTriV 

ttttttN 

ttttN 
ttttN 
ttttN 
ttttN 

ttN 
ttN 

ttN 
ttN 
ttN 

ttN 

ttN 
ttN 
ttN 

ttN 
ttN 
ttN 
ttN 
ttN 
ttN 
ttN 
ttN 



ttN - 


> TTTT^N 


tt'^N- 




TT^N- 


-^TT^N 



ttN 
ttN 



ttttN 
ttN 



Table 5: 
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36 
37 

38 
39 
40 
41 

42 
43 
44 
45 
46 
47 

48 
49 
50 

51 
52 
53 

54 

55 
56 

57 
58 
59 
60 

61 
62 
63 
64 



(x+) {x+) 
x+ (x+) 
{x+x+) 
X- (x-) 



u 



-\{F+^){u-u)at^- 



.1 / p+ 
2 yxii 



8^ (^A+J K^p) + h-c. 



24k^(^A;)^^p757'i^^'^'' + h-C. 
-i^u^ [L>A,<F+)]757'^£''^ + h.c. 
-4^«M [l?\<F+>]757''^'^ + h.c. 
-4k^M[^'.<^A'.>]757''i^'' + h.c. 



a'^'^i^^^ + h.c. 




(x+) (x+) 
x+ (x+) 
(x+x+) 
X- (x-) 



(F+> (n-n) 
(f+)<uV> 

s^v" (fA h\ 

S'^v^iF^hi 

S'^v'^u^ [D^,{F+)] 
v^S . u [D\ (F+ >] 
S^v.u[D\{Fl)] 

[D\[D^,{F+)]\ 



\U^, V ■ u\ 



iv^{Ft^[i 
i[S^^,S^\F+,{u-u) 

i[Si',S^]F+J^{vuf) 
i[S^',S'']v^F+^{u^vu) 



Am 

+ .X 



vriV 
ttAT 



vriV 
ttAT 



m, ttA^ ^ vriV 
m, vrA^ ^ vriV 
m, ttA'' ^ TriV 
7r°iV ^ 7r°Ar 



7*iV ^ TTTTiV 
7*iV ^ TTTTiV 

^ TTirN 
j*N ^ ttttN 

'y*N ->■ ttttN 

7*iV ^ TTTTiV 
7*iV ^ TTiV 

7*iV ^ ttAT 
7*iV ^ ttAT 

7*iV ^ TTiV 

ttN 

7*iV ^ ttAT 
em. ff. 

J*N ->■ TTTTiV 
7*iV ^ TTTTiV 

7*iV ^ TTTTiV 
7*iV ^ TTTTiV 
7*iV ^ TTTTiV 
7*iV ^ TTTTiV 

7*iV ^ TTTTiV 
7*iV ^ TTTTiV 
7*iV ^ TTTTiV 
7*iV ^ TTTTiV 



Table 5: 
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o 



65 
66 

67 
68 
69 
70 
71 
72 
73 

74 

75 
76 
77 

78 

79 
80 

81 
82 
83 
84 

85 
86 
87 
88 



90 
91 



8to2 



FL^-p) l^l^D'^'^P + h.c. 



i 

Am 



F+ h 



Am 



U 



Am \ '^P' 



Am \ ^^P 



Dx,F+ 



ry^jt'D" + h.c. 
• -fs-f'^D" + h.c. 
. jr^YD" + h.c. 



Arri 



ux {F- 

^j^ux{F-,u,)e^^\DP- + \,.c. 

-^Fx,M^^'''rD'^ + '^-^- 

1 

Am 

1 
Am 



F^^ [u^,u,]p^YD^ + 



Am^\Fx,h\)D'^^ + h.c. 



Fx,^h\ 



i 



F~ h 



a^"'D^P + h.c. 
a^PD^P + h.c. 



y [D'^,F-]) 



§[n^ [Dx,F-^]]a'^- 
^,[u„[D\F-]]a^'^ 

(F+ > {F+n 

-^{f^){F^\)Dp^ + ^-^- 
F+{F+n 



O 



w 



i[SP,S'']v\-u{^F+^ 
i[SP,S''\v^u^{F+^vu 



SPv- (F+^hi^ 
S^vP [F^^hi^ 
S\i^v''vP ( F+h„p' 



ie^^'^T-v'^vP 

{s-u 
S^lv-u 



^Xfi^ "'fp 



Dx,F+ 
D\F+ 
D^,F+ 



Xu 



Dx.F+ 



1X1/ 



£ tV V ■ U 



e^P'^Pux (F-Up) 

(F^u'^p) 
v'^ux {F-^v ■ u) 



_XfiU 
_XtJ,iy 



U^,V ■ U\ 



iS^ {Fx, [ 
tvP(F-^[u\S 



[St'^S'']v^vP 



Fx,^h\ 



vPv" 



F^ h 

F~ h 
^ HX^ "'^P 



(uP [^)^F-]> 

v'^{vu[D\F-^]) 
[5^51 [u\[Dx,F-,]] 

(F+ > {F+P'^) 



ttttN 
ttttN 



7*7V ^ ttN 
7*7V ^ ttN 
7*iV ^ ttN 
7*iV ^ 7tN 
ttN 
ttN 
ttN 



7*iV 
7*iV 



7*iV ^ 
em. ff. 

WN 
WN 
WN ^ 
WN^ 

WN^ 
WN 

WN ^ 

WN 
WN 
WN ^ 

WN^ 
WN^ 
WN^ 
WN^ 



ttttN 
ttttN 
ttttN 
ttttN 

ttttN 
ttttN 

ttN 

ttN 
ttN 
ttN 

ttN 
ttN 
ttN 
ttN 



7*7V ^ 7*iV 
7*iV ^ 7*iV 



Table 5: 
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92 
93 
94 
95 
96 

97 



99 
100 
101 
102 
103 
104 

105 
106 
107 
108 

109 
110 
111 

112 
113 
114 

115 
116 
117 
118 



O 



h^L {F^\) D^"" + h.c. 



4m^ XfJ. 



a 



fiiy 



F+ F+ 



ai^^D^P + h.c. 



8m^ 



F~ F~ 



-4^^A"M(^+\>757'^^^ + h.c. 

-4k^A',<^+\>757^^'^ + h.C. 

-4k(^A"M^+\J)757'^^'^ + h.c. 
-4^(^A"M^+^)757'^^'^ + h.c. 



Aft' ^ 



-.Xfj,up 



Am-' 



F~ F+ 
A//' t'p 



-.X^u 



DP'' + h.c. 



^[F-,,x+]l5l''D- + h.c. 
^F+{x-)^,7^D- + h.c. 
i;^{F+X-)l5l''D- + h.c. 



4m 
_ 1 
2 



-i iix'-) 



{x~? + {xD - 

+ Ft,F+\ 
^(F-F-P-^ + F+F+f^-^) 



1 



Fx,F' 



ix+f) 

DP'' + h.c. 



O 



w 



A/1 



ypy" ( F+^F+^^ 



F+ F+^ 



\SP,S' 



\SP,S^ 
\SP, S''\v^vP 



p- /?-A 



Xfi'' piy 



S'v^F^^ {F+\ 
Sr^vPF-^ {F+\ 
S^v" (f-^F+\ 



IE 



Xfipp 



^ A/t' ^ vp 



ie^^^rv'^vP 



F~ 

Am' ''P 



iSPv'' {F+,) {x-) 
iSPv-F+ix-) 

iSPy'^ {Fpx- 

iSPy- (f+ X 

iiSP^S'^] [F-,,X-] 

ixx^) 

det X + det x^ 



7*Ar ^ 7*Ar 
7* AT ^ 7* AT 

7*7V ^ 7*iV 
7*iV ^ 7*7r7riV 
7*A^ ^ ■y*TnrN 



WN 
WN 

7*iV 
7*A^ 
7* AT 

7*iV 
7*iV 
7*iV 



^AT ^ 

VFAT ^ 
PFAT^ 

WN ^ 

WN 
WN 
WN ^ 

em. ff. 
em. ff. 
em. ff. 
em. ff. 



weak ff. 
7*A^ ^ TT^N 

J*N TT^N 

7* AT ^ ttN 
7* AT ^ ttAT 
PFAT^ttAT 

m 

m 

-fN jN 
jN jN 



Table 5: Independent dimension four operators for the relativistic and the HB Lagrangian. Also 
shown is the physical process with the least number of particles to which these operators contribute. 
Here, N,7r,j{*), W denote nucleons, pions, real (virtual) external photons and the VF-boson exter- 
nal sources, respectively. Electromagnetic (weak) form factors are abbreviated as "em. (weak) ff." 
and m is the nucleon mass. The last four terms have no pion matrix elememts. 



18 



i 


8m^ (ii - Ci) 


1 


-^Qa + "^C2 - |mc4 


2 


— mc2 + hmc4 


3 


M (^^i + 9a) - i5a^C3 + 1(2 + g\)mc4 + {mcif 

-gA'm'^dio + 2im? {du - di^) 


4 


~Jr9a ~ j{2 + 9a) "^C4 - (mc4)^ - gArn^du - 2m^ {du - c?i5) 


5 


6 




7 


M (fi + fl) + i'^C2 + |i^imc4 

- ^i. (2 + 45(2^ + gi) - (1 + 5^) mc4 - 2 (mc4)^ 


9 


10 


- 11; (SA + ^i) - |fl'AmC4 


11 




12 


^5 (2^^ + ^i) + jgA-mc^ 


13 


-17; i^gA + gA) - kgAinci 


14 


— \mc2 


15 




16 




18 


-ji; (2 + 5-^) - |mc4 


20 


-\g\mcx - gAm^die 


21 




24 


\g\mc^ 


26 


~\g\mc5 - 2gAiv?di7 


27 




28 


~\gA'mcrj 


29 


-gAmc5 


42 


-^9\ - lmc4 - ^{c6 + 2c7) 


43 


^gl + imc4 + jf^{2 + gVj (ce + 2c7) + ^mc4 (ce + 2c7) 


44 


1 2 1 


46 


-^54 - i"JC2 + ^5^(C6 + 2C7) 

oZ jT- '± oZ jT- ^ " ' / 


47 


M + |5i(c6 + 2c7) 


48 


-l5A + \gA{c6 + 2C7) 


50 


fffA + |ffA(c6 + 2C7) 


51 


i5(A(l + C6 + 2C7) 


52 


-^5.4 - \gA{c(, + 2C7) 


53 


i5A(c6 + 2C7) 


55 


~M^A + "^C2 - |mC4 - ^C6 

B5'A + 5"^C4 + ^ (2 + 5^) C6 + \mC4C6 

-\-2vr? (di4 - dis) + gAm'^d2i 


56 




57 


TE9a - 


59 


-^9 A - \'mc2 - ^g\c% 



Table 6: 
19 



i 


8m^ (ii - Ci) 


60 




64 


1 2 
s54C6 


65 


-i (l + 5^) - 2mc4 -\{2 + gV)cQ- 2mc4CQ 


66 


i (2 + ^2 ) + 2mc4 + 3 (2 + ^i) ce + 2mc4C6 


67 


IS'A (C6 - 1) 

\9A + IffACe 


69 


70 


(1 + ce) 


71 


(1 + ce) 


72 


-ig'A (1 + cg) 


73 




75 


^ (-5^ + Sa) + \9Amc4, - j^gACe 


76 


4n (qA + Q'l) + TQAfTlCA + 2(7/1 m^dos 


77 


— 4t (0^ + 3(/'-4) - jgAmcA + 4oyiC6 


78 


iTi^A + \gAmc4 - \gAC% 


79 


-TfLdA (2 + ^4) — "^gAmcA — \gAC% 


80 


-jir (4^^ + c/^) + jgAmc4 + i^^ce 


81 


83 


-i (1 + 5(4) - imc4 


84 


^ (1 + 5a) + i'^C4 


86 


gA'rn^ + 2rr?d\^ 


89 


-\mc2 - (C6 + 2C7) 


90 


-?a54 + + 2c7) + 4 (C6 + 2c7)^ - (di4 + dis) 


91 


-| (C6 + C7) 


92 


^ (C6 + C7) + 4c6 (C6 + 2C7) 


93 


-hmc2 - i7;C6 

z *^ Id 


94 


-^^i + 1 (2c6 + ci) - ^m^ (di4 + CZ15) 

OZ -<T- \ '-'/ Z ^ ' 


96 


-i(l + 2c6 + ci) 


98 


~T^9 A 


99 


-^^^(ce + 2C7) 


100 


|c,a(1 + C6 + 2C7) 


101 




102 


IgA (1 + Ce) 


103 


-BiS'A (1 - Ce) 


104 


(1 + See) 


105 


— ^mci 


106 


— mci 


107 


— ^mc5 


108 


— ^mc5 


109 





Table 6: 
20 



i 


8m^ (ii - Ci) 


117 


jq9a + (<^14 + di^) 




118 


mc2 





Table 6: l/m corrections to the dimension four LECs Cj in the heavy nucleon basis. Terms which 
are not subject to such corrections are not Usted. 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 



Wi 

i{[S ■u,v ■ u] h/^) 

KK) 

{vu[vD,hi^]) 

v'^iu'^ [v-D,h^,] 
vf^v" {vu[vD,h^,^]) 
[S^',SnvP [u,,[vD,hi,p]] 
iv ■ u[v ■ D, (x-)] 
i{v -ulv D,x-]) 
v^S'^{F+)hP 
S^^u- [vD,{F+)] 
v^S'^vu[vD,{F+)] 

[^-A [vD,{F+)]] 
v^^S'^lF+^hP 



vD,F, 



V ■ D F+ 



l£ 



V ■ D, 



v-D,F+ 



v-D,F, 



fit/ 



i[Sf',S'']vP 



V ■ D, 



'{u" [v-D,F^ 



D F 



up 



[5^51 [vu, [v-D,F-]] 



B {9 A + Qa) + l9Amc4 
— \mc2 

~TE9a + (^14 - di^) 
—2mc2 

-JE^A - "^^ (^^14 - dw) 
-Ioa + (o?i4 - c^is) 

.i9a 

-gATT? {dis + 2^19) 
-gAm^dis 
-IdA (C6 + 2C7) 
-ioA (C6 + 2C7) 
\9a{c6 + 2c7) 
\{l + ce + 2c7) 
-I9AC6 
-\9acq 

J9AC6 
-TE9AC6 

i (1 + 9\) + "T-C4 

-i (1 - g\) + 2mc4 - cq 

19a - (<^14 - C?15) 

-\- lrnc4 
-\9A 



Table 7: Explicit form of the monomials Wi and their coefficients. 
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i 




0171 


1 


i{S ■ uv ■ u)u^ 


i {dA + si) + '^QA-mci + 4m^(ii3 


2 


iS ■ u{v ■ uu^) 


-\{9A + 9a) ~ '^9Amc4 + 8m^di2 


3 


iS'^{u ■ u)v ■ u 


I {^9A + Qa) - 9Am (c3 - C4) - Arri^dio 


4 


iS^{{v ■ uf)v ■ u 


"H^i - 9Amc2 - 4m^(di2 + ^13) 


5 


iS^{v ■ uu^)u^ 


-jgA - 9AmcA - 4m^dii 


6 


i{S ■ uu^)v • u 


4m^(ii3 


7 


iS ■ u{{v ■ u)^)v^ 


1 {'^9 A + 9 a) + ^9Amc4 


8 


i{S ■ uv ■ u)v ■ uv^ 


-i {^9 A + 2g\) - 3gAmc4 


9 




i {2gA + si) + IgAmci 


10 




Am^di 


11 




T&9A 


12 




je9a + 


13 


[h/i',v ■ u] 


(1 + 25i) - hmc4 


14 




~JE9a - i"^C4 + 2m^ {di + ^2) 


15 


Vf,[h^^',v■u] 


^ {gl - 1) + 4m2d3 


16 


v^'v•'[h|,,,u^] 


^ + 2m^d3 


17 




hi - "^^3 


18 




^{1 + 2g\) + imc4 


19 




-Wa 


20 


[S^S-]{h\u,) 


2m? {dn - (iis) 


21 


[S^,S^']v^{h^,v■u) 


-\9\ - mc2 + 2m^ {du - c^is) 


22 


[S^,S^']v^vP {u^Kp) 


y\ - 2m^ (di4 - di5) 


23 


[S^S^]vP{h^pU,)v^ 


hi 


24 


iS^ [v-D,h/^] 


1 

49A 


25 


i[S-D, h/^] 


\gA 


26 




-\gA 


27 


iS^v" [v ■ D, h^^] 


-\9A 


28 


iS^f^v" [v ■ D, V] 


-\9A 


29 


iS^{x+)v ■ u 


—2gAmci — Am^die 


30 


[S\SP] [D^,{X+)] 


—2mci 


31 


iS^{x+v ■ u) 


-9Ainc5 - 4m^di7 


32 




—2mc5 


33 


S^[vD,{x-)] 


2m^ (di8 + 2di9) 


34 




4m'^d5 


35 


S^[vD,x-] 


Am'^dis 



Table 8: 
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36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 



ie'''''^Vr{F+)upV^ 
z[D^,{F+i^^)] 
iv^[v ■ D, (F+^t^)] 



S, 



X 



F+^^',S■u 

F+^'',v u 



S\^^[F+,,u'^] 

S^v''[F^^,vu]v^ 

ie>^^'^P{F+Up) 



IS 



l£ 



Xfiup 



F+ 



V ■ U 



VpV {Uj^FX 



i€^''f^Vr{F+Up)v^ 

^[D,,F+^^>^] 
iVf,[v ■ D,F+^^'] 
iv^[D>^,F+,]v'^ 



-A/1 



-A/1 



V ■ U\ 

.v^.,x 



[F- 
v^F- 

v>^[F-,,u^y 

[S,,S.]{F-^^u^) 
[S\S^^\{F-,u'^) 

[s>^,si^y{F;:,vu) 

[S^S^]vP{F-^u,)v^ 
\S^S^] {F-,v-u)v^ 
iS\^^-P^vAF-,Up) 
iS^ [v ■ D, F-^^] 
iS^^[D\F-y 
iS^v''[D'' , F. 



iS'^v'' [v-D,F^ 



—AmPdg 



-jQgA{c6 + 2C7) 
-15^(1 + C6 + 2C7) 



-i (C6 + 2c7) + 4m2d7 
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i + i (C6 + 2C7) 

l9A (1 + ce) 
IgACe + 4m^d20 
Iqa (1 + ce) + 4m'^d2Q 
\gA (1 + ce) + 4m2d 
Iqa (1 + ce) 
-Arn^ds 
-jq9acq 

-\9a{1 + cq) 

-T&9A 

-\cQ + Am?dQ 



Tq9\ + i"T-C4 + 2m2 {di - ^2) 

^ (1 + 2g\) - \mc^ 
2m? (di4 + dis) 
\g\ - mc3 

-lg\- mc2 - 2m^ (di4 + di5) 
Am^d22, 

-ha A 

JQA 

—Am^d; 



16 



'22 



/If J 



-Iqa 



Table 8: Explicit form of the monomials X^- and their coefficients. 
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i 






1 




— 2?TZC2 


2 


(J^^ iu ■ u) 


1 2 1 
16 2 •J 


3 


iu ■ u) 


19 1 
16 y A ~ 2 


4 


a^"" ( (v ■ uf\ 


1 2 1 
— —n A — —Tncn 
IQilA 2 "^2 


5 


Uv ■ u) ) V 


3 2 1 1 

%g\ + ^mc2 


6 


[SP,S^] [up,Ur] 


-\g\ - \mci 


7 


v'' [SP,S-] [up,u^] v-" 


-\{^-9a) + I"^C4 


8 


{u^v ■ u) 


-hi 


9 




\g\ + 2mc4 


10 


[S^',SP] [up,vu] 


\+ g\ + ^mci 


11 




—mci 


12 


(x+> 


mci 


13 




—mc5 


14 




mc5 


15 




-i(c6 + 2c7) 


16 


i[S^',SP]v^ {F+)v'' 


-i(l + 2c6 + 4c7) 


17 


igf'- [SP,S-]{F+) 


H (C6 + 2C7) 


18 


iv^" [SP,S^]{F+)v'' 


1 (1 - C6 - 2C7) 


19 


i[S^' , SP]F+'' p 


-C6 


20 


i[S'',SP]v^F+v'' 


-1 - 2C6 


21 






22 


iv^ {Sp,s-'\F^y 


1 (1 - ce) 


23 


e'^^^PvpF-pV^ 


-\9A 



Table 9: Explicit form of the monomials Yf" and their coefficients 



i 




8m3ef 


1 




-2gA 


2 


iS ■ ug^^'v" 


9A 


3 


iv ■ uS^yP'v'^ 


^9A 


4 


iS ■ uv'^v^v'^ 


-9A 



Table 10: Explicit form of the monomials Z^'^'^ and their coefficients 



We briefly comment on the fourth order heavy baryon Lagrangian recently presented in ref.[15|. 
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First, it is entirely based on the HB projection and contains no information concerning the rela- 
tivistic formulation. Furthermore, strong isospin breaking terms as well as external sources (apart 
from the quark mass matrix) are entirely omitted. The tables in that work contain considerably 
more terms than found here, which could be reduced by some of the identities spelled out in this 
paper. 

4 Summary 

In this work, we have constructed the minimal effective chiral pion-nucleon two-flavor Lagrangian 
at fourth order in the chiral expansion. To arrive at this minimal form, we have studied in detail 
all strictures arising from the equations of motion, trace relations and other algebraic identities. 
The so constructed Lagrangian contains 118 in principle measurable terms. These are accompanied 
by the so-called low-energy constants, which can be obtained by a fit to data, from some models 
or maybe from lattice gauge theory. Note that four of these operators are special since they have 
no pion matrix elements. Based on the fact that a consistent power counting can be set up in 
the relativistic as well as in the heavy baryon formulation of the effective field theory, we have 
worked out the effective Lagrangian in both schemes. In the heavy baryon case, it is mandatory to 
calculate the various 1/m corrections at a given chiral order. Here, these are explicitly spelled out 
up-to-and-including fourth order. 
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A EOM eliminations 

The number of independent terms in the effective vrN chiral Lagrangian is considerably reduced 
by the use of the so-called EOM (equation of motion) eliminations. One can view them simply 
as replacements of ^ ^ by —im^ (a consequence of the fact that (P +im) ^ is of higher order), 
or as a consequence of the lowest order EOM (defining the classical solution, around which the 
loop expansion is performed), or as a result of specific field transformations (leaving the S-matrix 
elements untouched). However, the simple replacements p ^ ^ —im^ do not exhaust the EOM 
eliminations. The point is that also terms (or combinations of terms) not containing p ^ explicitly 
can be brought into a form that includes P ^. Such terms can then also be eliminated. To 
systematically obtain all such terms, one has to inspect all the possible terms with F,,, p ^ and 
rewrite them as combinations of terms without p ^. To achieve this, we expand any product F,,,7a 
in the form (the last 7-matrix originates from P) 

r...7A = E^l-.A + E^l.-A , cr'j = Cr; + 1 = cr , (A.l) 

i j 

where F^ and F^' contain only elements from the standard basis of the Clifford algebra, multiplied 
by appropriate combinations of g- and e-tensors. When contracted with D\ and inserted into (l2.15| ) 
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instead of , this yields (after the replacement p ^ ^ —im^) 

i 

'^W..* + h-c. = 0, (A.2) 

3 

where the symbol = stands for "equal up-to higher orders". 
For F = 1, one obtains the so-called "master relation" 

^^a/3...^A^n^^ ^ + h.c. = -im^ A""^- D""-^]^ + h.c. , (A.3) 

but letting F run through the rest of the standard basis of the Clifford algebra, a couple of additional 
relations is generated 

= -im^A'^<^--i^B''-^l^ + h.c. , (A.4) 

^A^'°''^■■■D^^^ + h.c. = -^m^A^'°''^■■■-f^D'^-^J/ + h.c. , (A.6) 

^A'^"^-a>L/3...* + h-c. = 0, (A.7) 

^A'^^^-j.a^^D^^p,,,^ + h.c. = mWA^"'3-757Ml?^^.!.* + h.c. , (A.8) 

^^/^"/3...^5^n^^ ^ + h.c. = , (A.9) 

^'A'^'^-^-e^,^^57p^L;3...* + h.c. = im^A^^'^^^-a^.D'^^]^ + h.c. , (A.IO) 

(^^Z)-^^ _ j,d;^^J ^ + h.c. = . (A.ll) 

For the sake of completeness, we have written down both relations (|A.2D for every F G (75, 7^,757^, 
a^u), in spite of the fact that they are not all independent (e.g. eqs.( [A.4| ) and ( A.9 ) are equivalent, 
and ( lAUD follows from dOD). 



For a general F one obtains, as a rule, some linear combinations of the above relations. But there 
are exceptions, namely for e-tensors contracted with elements of the standard basis. The first such 
case is F = ^^a^y = {l/2i)ei^iuprcr'''^ , which yields two new relations, 

(757^Z?«,^ - 757.^;:„/3...) * + h.c. = -m^A'^-^'^^-^.a.yD-^^'j' + h.c. , (A.12) 
*^'^''"^-£^/^7p^L/3...* + h.c. = . (A. 13) 
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For T = e 



one obtains 



-im\ 



(A.14) 



and r = £pupr^5l'' gives 



Z)^^,,.^' + h.c. = 



(A.15) 



(A.16) 



'15^:' 



pup- 



Dl^ ^ + h.c. = 



(A.17) 



The relations ( |A.4| - pTT^ ) can be used to ehminate some terms from the hst of all the possible 
invariants, but it is preferable to use them already at the stage of generating such a list.^ This 
was exactly what we did, e.g. when counting 75 as a quantity of first chiral order in Table 1, or when 
considering the special structure of Qpy... in eq. In this way, the relations ( |A.3| - [Al5| ) and 

(A.7-A.9) were taken into account. The relations (A. 6), ( |A.ll ) and (A.14) are also easily accounted 
for, namely by ignoring all structures Qpy... with an explicit 7^ (but not with an explicit 757/i). 
The relations ( A.10| ) and ( |A.12| - |A.13| ) are simultaneously embodied in the simple requirement that 
Qpu... can contain an e-tensor with at most one index contracted within Q^i,,,,. The relation ( A.15| ) 
is just a simple consequence of eq.(A.12), and the relation (A.16) allows to ignore Qpup... containing 

SpuprlbY- 

So far we have investigated the implications of the nucleon EOM on the structure of 0;^^.... There 
are, however, also consequences for the structure of A^'^'", namely for A^^'" = [D^ ,B^'"\. The 
point is that can be reshuffled to act on nucleon fields (by partial integration and exclusion 
of total derivatives) and, in some cases, eliminated afterwards. Such an elimination is obviously 
possible if is contracted with 'jpD^ and consequently also if it is contracted with ^uD^ (cf. 
eq. (|A.ll )) or D'l^jj (cf. eq.( |A.6|) ). For D^^ contracted with 757^-D".. and j5juD^i... one obtains in 
a similar way 



^ [D^', B"-] 757^L'" + h.c. = 2im-^ B''--i^Dl j! + h.c. , 



(A.18) 



^ [D^',B''■ 



757.^;:.. 



and for contracted with cr^pD^ 



^' + h.c. = 



^[D^',B''P-] 



'^upDp.. 



^ + h.c. 



+ 



(A.19) 



^q,[D^',B''P■■■]g^,,DlJ> + h.c. 

[D'',B''P-]g^pD: j> + h.c. 

im^ [D^', B^f-] e^^;^5lrD'^-^^ + h.c. . (A.20) 

'in 1^] and implications of the nucleon EOM have been expressed in the form of six identities. The first five 
of them are equivalent to each other, and they are conse quen ces of our relations (A. 4), (A. 6- A. 14) and (A.17). The 
sixth relation of j2l] follows from our relations (A.3) and ( A.5|). and is not given explicitly (although is accounted for) 
by 1^]. The sixth relation of ^ is neither given, nor used by pi]]. The relation follows from our relations ( A.1E| - A.16), 
however, not for a general A'^'^''"', but rather only for A'^^''"' antisymmetric in fj,v (or /xp or vp). 



#8t 
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Note that the omitted contraction of L*^ with cr^yD'^ yields nothing but a trivial identity. The 
relations ( [Al^-[Al20D are used to ignore terms of the type written on the left -hand-side. However, 
in case of eq.( |A.l^ yTt is more advantageous to keep the structure on the left-hand-side and eliminate 
the right -hand-side, which does not contain the special structure [D'^, i?*^'"], but rather a general 
structure B^' \ 

To summarize: we utilize the nucleon EOM in the form of restrictions on the structure of ^ ^u... 
and A^''' ■. 

• r^jy... is a product of g-tensors, e-tensors and one matrix from the following set {1, 757/^, cy^y}, 

• within r^,^ , only e-tensors may have an upper index (every e at most one), which has to be 
contracted with D'^^ , 

• for A^^- = [D^^ ,B'^-], derivative cannot be contracted with 

This is not the only way of implementing the nucleon EOM, but it seems to be the most economic 
one. It results in the following set of O^^..., sufficient for generating the complete chiral Lagrangian 
up to fourth order: 

1; 

757m > D^; 

^\upD\T, l^lpDupr, Dpypr . (A.21) 



B Operators for the heavy baryon Lagrangian 

In order to construct the 1/m-corrections up-to-and-including fourth order, one needs the expres- 
sions for the operators A^^''^''^'^\ g(i'2,3)^ ^(0,1,2)^ latter allowing one to reconstruct the 
chiral expansion of the inverse of C. These are given by: 

C(°) = 2m , (B.l) 
^(1) = i{vD) + gA{S-u) , (B.2) 

B^^^ = -75 (2i{S-D) + ^-^{vu)) , (B.3) 
C(i) = i{v-D) + gA{S ■ u) , (B.4) 
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- 2i [S^, S^] (^^[u„ u.] + + )) , (B.5) 

= 2tj,{v^S^-v'^Sn(^K,u.] + -^F++^{F+)y (B.6) 

C(2) = , (B.7) 

^('^ = {i -^{iv■u)u^)D^^ + h.c?)+E + 2S^'G^-2i[S^',S^]H^, , (B.8) 

= 75 {-v>'G^ + 2i (t;'^^'^ - v^S^H^u) , (B.9) 
= -^{u^u,){D^^,D''} + h.c. 

- ■ n, [t; • D, u^]]D'' + [v u, [D^^v • u]]D^' + [Uf,, [vD,v u]]Dt' + h.c.) 

_ ^ + h.c.) + (z ^^Ji^'^ + h.c.) 



with 



+ ^ (i e'^""^ {F;.Ua)Df, + h.c.) + ^ (z e'^'^"^ (F+ + h.c.) 

+— (v ■ UUa)S ■ uD^ + h.c.) 
m \ / 

+ ^ S^'iu^v ■ u)u„D'' + i S''{u^u„)v ■ uD" + h.c.) 
{[S'',S'']{[Dx,u^]u,)D^ + h.c^ 
^([5^5^(n^[I).,^^A])^Vh.c.) 



2m 



^ , u;,]Z?^ + , ^; • u]D^ + h.c.) , (B.IO) 



E = idi[Ufj,,[v ■ D,u'^]]+id2[ufj,,[D'^,v -uW+idslv -u^lv ■ D,v -u]] 

+ zd4e'''^'^^^;/3(u/,u^u«) + d5[x-,v ■ u] + dev'^lD'', F+] 

+ d7i;'^[i^^ (F+ )] + d86'^'^"^^(F+ ua) + d9e'^'^"^^(F+ )na , (B.ll) 

= ^(■" + — U) )U^ + —{Ufj,{v ■ U)){V ■ u) 



+ '-^K,un + f + f e -'^Ki^.-,) , (B.12) 

H^u = ^{[v ■ D,Uij]u^) + '^{ui^[D,„v -u]) , (B.13) 
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and 

1 ^ 1 ivD + gAS-u {ivD + gAS-uf C(^) 

2m (2m)2 (2m)3 (2m)2 ' ^ ' 
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